Asymptotic behavior of solutions of some parabolic equation associated with the pLaplacian as p → +∞ is studied for the periodic problem as well as the initial-boundary value problem by pointing out the variational structure of the p-Laplacian, that is,
Introduction
The so-called p-Laplacian ∆ p given below could be regarded as a nonlinear differential operator generalizing the usual linear Laplacian:
This paper is motivated by the following naive question: what is the limit of ∆ p as p → +∞? This limiting problem was studied by several authors and their results were applied in various fields; for example, growing sandpile model [2] , macroscopic models for type-II superconductors [1, 4, 13] , and so on. In order to figure out the substantial features of this problem, we here recall the variational structure of p-Laplacian:
However, it is easily expected that the limit of I p may not belong to the class of Fréchet differentiable functionals. On the other hand, from the viewpoint of studies on evolution equations, it is convenient for applications to extend I p on L 2 (Ω) as follows: Then it is well known that ϕ p is no longer Fréchet differentiable on L 2 (Ω), but lower semicontinuous and convex on L 2 (Ω); moreover, its subdifferential ∂ L 2 (Ω) ϕ p (u) coincides with −∆ p u in the distribution sense. Several authors also studied the asymptotic behavior of solutions for the following initial-boundary value problem as p → +∞:
u(x,t) = 0, (x,t) ∈ ∂Ω × (0,T),
(1.4)
Here it is well known that (1.4) can be reduced to the following abstract Cauchy problem:
(1.5)
According to the previous studies, for example, [2, 4] , every solution u p of (1.5) converges to u as p → +∞ and the limit u gives a solution of the following Cauchy problem: Hence one can easily expect that ϕ p converges to ϕ ∞ as p → +∞ in a certain sense; however, it is not so obvious in what sense it is realized. In this paper, we prove that ϕ p converges to ϕ ∞ on L 2 (Ω) in the sense of Mosco as p → +∞; moreover, we discuss the asymptotic behavior of solutions for (1.4) as p → +∞ in a more general setting. These results will be shown in Section 3.1 whereas the definition of Mosco convergence will be given in Section 2. Moreover, our method can also be applied to the porous medium equation
In Section 3.2, we deal with the asymptotic behavior of solutions for (1.8) as m → +∞.
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To formulate our results in an abstract form, we work in a more generalized setting, that is, we consider the following abstract evolution equations in a real Hilbert space H governed by time-dependent subdifferential operators ∂ H ϕ t n :
where f n ∈ L 2 (0,T;H), f n → f strongly in L 2 (0,T;H), and ϕ t n is a time-dependent proper lower semicontinuous convex functional from H into (−∞,+∞] such that ϕ t n → ϕ t on H in the sense of Mosco as n → +∞. For the case where ϕ t does not depend on t, that is, ϕ t = ϕ, we can find related results in [3] . For the general case, we refer to Kenmochi [10] .
However, all of the previous studies were done on the Cauchy problem for (1.9). As for the periodic problem for (1.9), there seems to be no attempt yet. The main objective here is to investigate the periodic problem as well as the Cauchy problem. The Cauchy problem has a unique solution, and the uniqueness of solution plays an essential role in deriving the convergence of u n as n → +∞ in [3, 10] . On the other hand, in general, periodic solution is not unique. Hence the same procedure as in [3, 10] breaks down.
To cope with this difficulty, we introduce a remedy based on a compactness argument under a compactness assumption on the level set of {ϕ t n } n∈N . This result will be illustrated in the next section.
Evolution equations and Mosco convergence
This section deals with the following evolution equation (E(ϕ t , f )) in a Hilbert space H.
where f ∈ L 1 (0,T;H) and ∂ H ϕ t is the subdifferential of a proper lower semicontinuous convex functional ϕ t :
Throughout this paper, we denote by Ψ(X) the set of all proper lower semicontinuous convex functionals φ from a Hilbert space X into (−∞,+∞], where "proper" means that φ ≡ +∞. Moreover, the subdifferential ∂ X φ of φ ∈ Ψ(X) is defined as follows:
where (·,·) X denotes the inner product of X and D(φ) is the effective domain of φ given by
Now solutions of (E(ϕ t , f )) are defined as follows. 
We next introduce a notion of the convergence of functionals.
Definition 2.2. Let X be a Hilbert space. Let (ϕ n ) be a sequence in Ψ(X) and let ϕ ∈ Ψ(X).
Then ϕ n → ϕ on X in the sense of Mosco as n → +∞ if the following conditions are all satisfied.
(
Remark 2.3. The second condition in Definition 2.2 is equivalent to the following.
(2) Let (u k ) be a sequence in X such that u k → u weakly in X as k → +∞ and let (n k ) be a subsequence of (n). Then
Indeed, it is easily seen that (2) is derived immediately from (2) . Hence it suffices to show that (2) implies (2) . Suppose that (2) holds but (2) does not, that is, there exist a sequence (u k ) and a subsequence (n k ) of (n) such that
Now define the sequence (ũ n ) as follows:
It then follows thatũ n → u weakly in X as n → +∞. Moreover, (2.6) yields
which contradicts (2) . Hence (2) implies (2) .
In the following two subsections, we discuss the existence and uniqueness of solutions u n for (E(ϕ t n , f n )) and the convergence of u n as n → +∞ for the periodic problem as well as the Cauchy problem. To this end, we fix notations. From now on, we write
(ii) there exists δ > 0; for all t 0 ∈ [0,T] and all u 0 ∈ D(ϕ t0 ), there exists a function u from I δ (t 0 ) :
whereα andβ denote ∂α/∂t and ∂β/∂t, respectively.
Then we see that
The following proposition plays an important role in investigating the convergence of strong solutions u n for (E(ϕ t n , f n )) as n → +∞. For its proof, we refer to [10, Proposition 2.7.1].
, where Φ S n is defined by (2.11) with ϕ t replaced by ϕ t n ;
. Throughout the present paper, we denote by C or C i (i = 1,2,...) nonnegative constants which do not depend on the elements of the corresponding space or set.
Cauchy problem.
In this subsection, we consider the following Cauchy problem (CP(ϕ t , f ,u 0 )) in a Hilbert space H.
where
We first give a definition of solutions for (CP(ϕ t , f ,u 0 )) as follows.
Definition 2.5. A function u ∈ C([0,T];H)
is said to be a strong (resp., weak) solution of (CP(ϕ t , f ,u 0 )) if u is a strong (resp., weak) solution of (E(ϕ t , f )) such that u(t) → u 0 strongly in H as t → +0.
As for the existence of solutions for (CP(ϕ t , f ,u 0 )), we here employ the following.
Theorem 2.6 [10] .
On account of Proposition 2.4, Kenmochi also proved the following result on the convergence of solutions u n for (CP(ϕ t n , f n ,u 0,n )) as n → +∞. Its proof can be found in [10, Theorem 2.7.1].
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Theorem 2.7 [10] . Under the same assumptions as in Proposition 2.4, let ( f n ) and
Then the unique weak solution u n of (CP(ϕ t n , f n ,u 0,n )) converges to u in the following sense:
and the limit u becomes the unique weak solution of (CP(ϕ t , f ,u 0 )). Moreover,
In particular, if ϕ 0 n (u 0,n ) is bounded for all n ∈ N, then the limit u becomes a strong solution of (CP(ϕ t , f ,u 0 )).
Periodic problem.
In this subsection, we consider the following periodic problem (PP(ϕ t , f )):
(2.18)
We are concerned with strong solutions of (PP(ϕ t , f )) in the following sense.
Definition 2.8. A function u ∈ C([0,T];H)
is said to be a strong solution of (PP(
To state our results, define 
Then it is easily seen that
The existence of strong solutions for (PP(ϕ t , f )) is assured by the following.
Theorem 2.9 [10] . We next focus on the convergence of strong solutions u n for (PP(ϕ t n , f n )) when ϕ t n → ϕ t on H in the sense of Mosco and f n → f weakly in L 2 (0,T;H). However, any studies similar to Theorem 2.7 have not been done on the periodic problem (PP(ϕ t n , f n )) yet, which would be caused by a difficulty peculiar to the periodic problem. More precisely, by virtue of Theorems 2.6 and 2.7, for any f ∈ L 2 (0,T;H) and u 0 ∈ D(ϕ 0 )
H , every unique weak solution of (CP(ϕ t , f ,u 0 )) becomes the limit of unique weak solutions u n for (CP(ϕ t n , f ,u 0 )) as n → +∞. However, in general, periodic solutions could not be unique. Hence there could exist a strong solution u of (PP(ϕ t , f )) such that any strong solutions u n of (PP(ϕ t n , f )) never converge to u as n → +∞. In fact, we can give such a counter example (see Remark 3.10).
Thus because of the essential difference described above, the strong convergence of solutions u n for (PP(ϕ t n , f n )) in C([0,T];H) cannot be verified by the same manner as in the case of the Cauchy problem (see the proof of [10, Theorem 2.7.1]); so in order to cope with this difficulty, we introduce the following level set compactness assumption on 
Then our result can be stated as follows.
) and let {ϕ t } t∈[0,T] ∈ Ψ(α,β) be such that α n (r,·),α(r,·) ∈ W 1,2 (0,T) and β n (r,·),β(r,·) ∈ W 1,1 (0,T) for every r ∈ [0,+∞). Suppose that ϕ t n → ϕ t on H in the sense of Mosco as n → +∞ and that (A1) holds. Moreover, let ( f n ) be a sequence in L 2 (0,T;H) such that f n → f weakly in L 2 (0,T;H) and let (u n ) be a sequence of strong solutions for (PP(ϕ t n , f n )). Then there exists a subsequence (n k ) of (n) such that u nk converges to u in the following sense:
21)
and the limit u becomes a strong solution of (PP(ϕ t , f )). Moreover, ∈ B π (α n ,β n ,C 0 ,{M r } r≥0 ) for all n ∈ N, we can take a sequence (h n ) such that
Now let u n be a strong solution of (PP(ϕ t n , f n )) for each n ∈ N. Then multiplying the inclusion in (PP(ϕ t n , f n )) by u n (t) − h n (t), we have
Now by (2.26) it follows that 1 2 Hence by (2.31) there exists t n ∈ (0,T) such that ϕ tn n (u n (t n )) ≤ C 2 /T. Next multiplying the inclusion in (PP(ϕ t n , f n )) by du n (t)/dt, we have 
Moreover, integrating (2.34) over (0,t), we also get Moreover, it follows from (2.26), (2.38), and (2.39) that
By virtue of the above a priori estimates, we can take a subsequence (n k ) of (n) such that the following convergences hold true: for a suitable subsequence (n k ) of (n). Hence since u n (0) = u n (T) for all n ∈ N, we have
In the rest of this proof, we write n simply for n k . Now define Φ T and Φ T n as in (2.11) with obvious replacements and let v ∈ D(Φ T ) be fixed. Then by Proposition 2.4 we can take a sequence Thus passing to the limit n → +∞ in (2.47), by (2.42) and (2.45), we find
which together with the arbitrariness of
Hence by [9, Proposition 1.1], we deduce that g(t) ∈ ∂ H ϕ t (u(t)) for a.e. t ∈ (0,T). Therefore u is a strong solution of (PP(ϕ t , f )). Finally we prove (2.22). Since u ∈ D(Φ T ), by Proposition 2.4, we can take a sequence (w n ) in Ᏼ T such that w n → u strongly in Ᏼ T and Φ T n (w n ) → Φ T (u). Hence we get, by (2.40) and (2.45), 
Applications to parabolic equations
The first application is concerned with quasilinear parabolic equations associated with the p-Laplacian such as
where Ω denotes a domain in R N with smooth boundary ∂Ω. The asymptotic behavior of solutions u p to the initial-boundary value problem for (3.1) as p → +∞ has already been studied by several authors (see, e.g., [2, 4] ). We here generalize (3.1) as follows:
for some function γ : Ω × (0,T) → R. This generalization is motivated by some macroscopic model for type-II superconductors (see [1] ). In Section 3.1, we discuss the existence and uniqueness of solutions u p for ((P) p ) and the asymptotic behavior of u p as p → +∞ for the periodic problem as well as the initialboundary value problem. Solutions of ((P) p ) are defined as follows.
) is said to be a strong solution of ((P) p ) if the following are both satisfied:
and 
Convergence of functionals and parabolic equations
The second application is for the porous medium equation
Bénilan and Crandall [6] studied the asymptotic behavior of solutions u n to the initialboundary value problem for
where ϕ n is a maximal monotone function from R into itself, when ϕ n → ϕ in a proper sense as n → +∞. Moreover, their results cover (3.4) for the case where Ω = R N . In Section 3.2, we deal with the following.
where β m (x,t,r) :
We then define solutions for ((PM) m ) in the following sense.
) is said to be a strong solution of ((PM) m ) if the following are both satisfied: We also investigate the existence and uniqueness of solutions u m for ((PM) m ) and the asymptotic behavior of u m as m → +∞ for the periodic problem as well as the initialboundary value problem. with the boundary condition u p (x,t) = 0, (x,t) ∈ ∂Ω × (0,T), and the initial condition u p (x,0) = u 0,p (x), x ∈ Ω, which is denoted by (IBVP1) p , and investigate the asymptotic behavior of u p as p → +∞.
To this end, we introduce the following hypotheses: Let (p n ) be a sequence in (1,+∞) such that p n → +∞ as n → +∞. Moreover, let f n , f ∈ L 2 (0,T;L 2 (Ω)), u 0,n ∈ L 2 (Ω), and u 0 ∈ K 0 be such that Then the unique weak solution u n of (CP(ϕ t pn , f n ,u 0,n )) converges to u as n → +∞ in the following sense:
Moreover, the limit u is a unique weak solution of (CP(ϕ t ∞ , f ,u 0 )), where ϕ t ∞ is defined by
(3.21)
In particular, if (1/ p n ) Ω |∇u 0,n (x)| pn dx is bounded as n → +∞, then the limit u becomes a strong solution of (CP(ϕ t ∞ , f ,u 0 )).
